Introduction
One of the interesting problems in the theory of non-linear functional analysis is the following stability problem of functional equations: When is it true that a mathematical object satisfying a certain property approximately must be close to an object satisfying that property exactly?
The first result on the stability of functional equations was given in 1941 by Hyers [1] , who proved the following theorem: Theorem 1.1. Let X and Y be Banach spaces. If ε ą 0 and f : X Ñ Y is a mapping such that }f px`yq´f pxq´f pyq} ≤ ε for all x, y P X and some ε ą 0, then, there exists a unique additive mapping T : X Ñ Y such that }f pxq´T pxq} ≤ ε for all x P X.
This was a first answer given to a question proposed by Ulam in a talk at a conference at the Wisconsin University in 1940 and it represents the starting point of the Hyers-Ulam stability theory of functional equations (see [2] ).
Let X and Y be two real linear spaces. We know that a mapping f : X Ñ Y satisfying the following functional equation
s called Cauchy-Jensen mapping. The first result on the stability of CauchyJensen functional equations was carried out by Kominek [3] . In 1998, Jung [4] gave an important generalization of the Kominek's result. Now we consider the Cauchy-Jensen functional equations of p-variable
nd the generalized Cauchy-Jensen functional equations of p-variable
for all x 1 , . . . , x p P X, and p ≥ 2 is a fixed integer and a 1 , . . . , a p P R where for some l P t1, 2, . . . , pu, a l ‰ 0,˘1. We observe that in the case p " 2, the equation p1.2q yields Cauchy-Jensen functional equation p1.1q. Therefore, the functional equation p1.2q is a Cauchy-Jensen functional equation of p-variable and the functional equation p1.3q is a generalized form of the Cauchy-Jensen functional equation of p-variable. In this paper, we are going to establish the stability of p1.3q and conclude the stability of p1.2q by Hyers method in an intuitionistic fuzzy Banach space.
Intuitionistic fuzzy Banach spaces
Intuitionistic fuzzy sets (IFSs) constitute a generalization of the notion of a fuzzy set and were introduced by Atanassov [5] . A geometric interpretation of an IFS (as an intuitionistic fuzzy interpretation triangle) was given in [6] . While fuzzy sets give the degree of membership of an element in a given set, intuitionistic fuzzy sets give both a degree of membership and a degree of non-membership. As for fuzzy sets, the degree of membership is a real number between 0 and 1. This is also the case for the degree of non-membership, and furthermore the sum of these two degrees is not greater than 1. Intuitionistic fuzzy sets are defined as follows.
where for all u P U , ζ A puq P r0, 1s and η A puq P r0, 1s are called the member-ship degree and the non-membership degree, respectively, of u in A ζ,η and furthermore they satisfy
Lemma 2.2.
[5] Consider the set L˚and the order relation ≤ L˚d efined by L˚" px 1 , x 2 q P r0, 1sˆr0, 1s :
Definition 2.3. [7] A negation on L˚is any decreasing mapping N : L˚Ñ L˚satisfying N p0 L˚q " 1 L˚a nd N p1 L˚q " 0 L˚. If N`N pxq˘" x for all x P L˚, then N is called an involutive negation. A negation on r0, 1s is a decreasing mapping N : r0, 1s Ñ r0, 1s satisfying N p0q " 1 and N p1q " 0. N s denotes the standard negation on r0, 1s defined as, for all x P r0, 1s, N s pxq " 1´x.
In [7] , various intuitionistic fuzzy negations have been defined and some of their properties have been studied.
Classically, a triangular norm T "˚on r0, 1s is defined as an increasing, commutative and associative mapping T : r0, 1s 2 Ñ r0, 1s satisfying T p1, xq " 1˚x " x for all x P r0, 1s. A triangular conorm S "˛is defined as an increasing, commutative and associative mapping S : r0, 1s 2 Ñ r0, 1s satisfying Sp0, xq " 0˛x " x for all x P r0, 1s. Using the lattice pL˚, ≤ L˚q , these definitions can be straightforwardly extended. (T 1 ) @x P L˚, T px, 1 L˚q " x (Boundary condition); (T 2 ) @px, yq P pL˚q 2 , T px, yq " T py, xq (Commutativity); (T 3 ) @px, y, zq P pL˚q 3 , T px, T py, zqq " T pT px, yq, zq (Associativity); (T 4 ) @px, x 1 , y, y 1 q P pL˚q 4 , x ≤ L˚x 1 and y ≤ L˚y
If pL˚, ≤ L˚, T q is a commutative topological monoid with unit 1 L˚, then T is said to be a continuous t-norm. Definition 2.5. r8, 9s A continuous t-norm T on L˚is called continuous t-representable t-norm if and only if there exist a continuous t-norm˚and a continuous t-conorm˛on r0, 1s such that for all x " px 1 , x 2 q, y " py 1 , y 2 q P L˚, T px, yq " px 1˚y1 , x 2˛y2 q.
For example, T pa, bq " pa 1 b 1 , minta 2`b2 , 1uq and Tpa, bq " pminta 1 , b 1 u, maxta 2 , b 2 uq for all a " pa 1 , a 2 q and b " pb 1 , b 2 q in L˚are continuous t-representable t-norms.
We define the sequence T n recursively by T 1 " T as T n px p1q , ..., x pn`1" T pT n´1 px p1q , ..., x pnq q, x pn`1for all n ≥ 2 and x piq P L˚.
Definition 2.6. [9, 10] Let µ and ν be membership and non-membership degrees of an intuitionistic fuzzy set on Vˆp0, 8q to r0, 1s such that µpx, tqν px, tq ≤ 1 for all x P V and t ą 0. The triple pV, P µ,ν , T q is said to be an intuitionistic fuzzy normed space (briefly, IFN-space) if V is a vector space, T is a continuous t-representable t-norm and P µ,ν is a mapping Vˆp0, 8q Ñ Ls atisfying the following conditions:
(IF 1 ) P µ,ν px, 0q ą L˚0L˚; (IF 2 ) P µ,ν px, tq " 1 L˚i f and only if x " 0; (IF 3 ) P µ,ν pαx, tq " P µ,ν px, t |α| q for each α ‰ 0; (IF 4 ) P µ,ν px`y, t`sq ≥ L˚T pP µ,ν px, tq, P µ,ν py, sqq; (IF 5 ) P µ,ν px,¨q : p0, 8q Ñ L˚is a continuous and non-decreasing mapping; (IF 6 ) lim tÑ8 P µ,ν px, tq " 1 L˚a nd lim tÑ0 P µ,ν px, tq " 0 L˚, for all x, y P V and t, s ą 0. In this case, P µ,ν is called an intuitionistic fuzzy norm. Here, P µ,ν px, tq "`µpx, tq, νpx, tq˘.
Definition 2.7.
[9] A sequence x n ( 8 n"1 in pV, P µ,ν , T q is said to be Cauchy sequence if for every 0 ă ε ă 1 and t ą 0, there exists n 0 P N such that P µ,ν px n´xm , tq ą L˚Ns pεq for all n, m ≥ n 0 . Here, N s is the standard negation. The sequence x n ( 8 n"1 is said to be convergent to x P V and denoted by x n Ñ x with respect to P µ,ν if P µ,ν px n´x , tq Ñ 1 L˚w henever n Ñ 8 for each t ą 0. An intuitionistic fuzzy normed space is called intuitionistic fuzzy Banach space if and only if every Cauchy sequence is convergent.
Almost Cauchy-Jensen functions in IFN-spaces
We use the definition of intuitionistic fuzzy Banach spaces to investigate some stability results for the generalized Cauchy-Jensen functional equation. In the rest of this paper, we assume that U is a real vector space and pV, P µ,ν , T q is an intuitionistic fuzzy Banach space.
Theorem 3.1. Let 0 ă ε ă 1, k P t´1, 1u and let f : U Ñ V be a mapping with f p0q " 0 such that
for all x 1 , . . . , x p P U, t ą 0, p P t2, 3, 4, . . .u and all fixed real numbers a i pi " 1, 2, . . . , pq where for some l P t1, 2, . . . , pu, a l ‰ 0,˘1. Then there exists a unique generalized Cauchy-Jensen mapping j : U Ñ V such that P µ,ν`j pxq´f pxq, t˘ą L˚Ns pεq for all x P U and t ą 0.
Proof. There are two possible cases for |a l |: if |a l | ă 1, we put k " 1 and if |a l | ą 1, we put k "´1. Set x l :" a´1 l x and x 1 " x 2 "¨¨¨"
or all x P U and t ą 0. Also, putting a l x instead of x in p3.2q and using IF 3 , we have (3.3) P µ,ν`a´1 l f pa l xq´f pxq, |a l |´1t˘ą L˚T`Ns pεq, P µ,ν pa l x, tq˘.
Since k P t´1, 1u, replacing x by a´n l x in p3.2q and p3.3q and using IF 3 , we obtain
Assume that m, n P N and n ą m. From p3.4q we get Proof. By Theorem 3.1, there exists a unique generalized Cauchy-Jensen mapping j : U Ñ V defined by jpxq " lim nÑ8 a kn l f pa´k n l xq such that (3.5) P µ,ν`j pxq´f pxq, t˘ą L˚Ns pεq for all x P U and t ą 0. Since jp0q " 0, one can easily prove that j is linear. So, it is enough to show that j is continuous at a point. Suppose that f is continuous at a point x 0 P U. For any sequence x n ( 8 n"1 in U, x n Ñ x 0 implies that f px n q Ñ f px 0 q. From inequality p3.5q, we have P µ,ν`j px n q´jpx 0 q, tą L˚T 3ˆP µ,νˆj px n q´f px n q, t 3˙, P µ,νˆf px n q´f px 0 q, t 3˙, P µ,νˆf px 0 q´jpx 0 q, t 3˙ą
L˚T 2ˆN s pεq, P µ,νˆf px n q´f px 0 q, t 3˙˙. Letting n Ñ 8, we conclude that jpx n q Ñ jpx 0 q.
